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Simple proofs are given for three infinite classes of zero-sum Ramsey numbers
modulo 3: r(Kn , Z3)=n+3 for n#1, 4 (mod 9) and r(Kn , Z3)=n+4 for n#0
(mod 9).  1996 Academic Press, Inc.
Introduction
The classical Ramsey number r=rc(Kn) is the smallest integer r such
that in every c-coloring of the edges of the complete graph Kr there exists
a monochromatic copy of Kn . For k | n(n&1)2 the zero-sum Ramsey
number r=r(Kn , Zk) is the smallest r such that every edge labeling of Kr
using the integers contains a subgraph Kn with edge labels summing up
to 0 (mod k).
For k=2 the general result r(Kn , Z2)=n+2 is proved (see [1, 2]). For
k=3 and nr3(K5)&3 it is proved in [1] that r(Kn , Z3)n+4, and
moreover, that r(Kn , Z3)=n+4 if n#0 (mod 3). For small values n it is
shown that r(K3 , Z3)=11 (see [3]), and r(K4 , Z3)=7, r(K4 , Z3)=10
(see [4]).
In this note we will prove the following result.
Theorem.
r(Kn , Z3)={n+3 for n#1, 4 (mod 9)n+4 for n#0 (mod 9).
For n#3, 6 (mod 9) the values r(Kn , Z3) remain open only for
12nr3(K5)&4. For n#7 (mod 9) it remains undecided whether
r(Kn , Z3) is n+3 or n+4.
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Fig. 1. Labeling of Kn+3 with label sum  0 (mod 3) for every subgraph Kn . Nonzero
weights are 1 and 2, or 2 and 1 for solid and dashed lines.
Proof of the Theorem
The general lower bound r(Kn , Z3)n+3 follows from the labeling of
a Kn+2 where the edges of a C4 are labeled by 1, its two chords by 2, and
all remaining edges of the Kn+2 by 0. Since any subgraph Kn contains at
least two vertices of the C4 , a label sum  0 (mod 3) is guaranteed for
every subgraph Kn .
For n#0 (mod 3) we have r(Kn , Z3)=n+4 from the labeling of Kn+3
in [1], p. 180, or from the labeling of Kn+3 in Fig. 1 where only edges with
nonzero labels are shown.
For the proofs of the upper bounds we use the sums Sr(n) of the squares
of the label sums of all subgraphs Kn of Kr ,
Sr(n)= :
1i1< } } } <inr
\ :
1v<wn
e(iv , iw)+
2
, (1)
where e(a, b) denotes the label of the edge (a, b). Expanding the square and
distinguishing pairs of adjacent and disjoint edges we obtain
Sr(n)=\r&2n&2+ :1v<wr e
2(v, w)+2 \r&3n&3+ :
r
i=1
:
i{v, w
1v<wn
e(i, v) e(i, w)
+2 \r&4n&4+ :1v<w<a<br e(v, w) e(a, b). (2)
Assuming that all ( rn) subgraphs Kn of Kr have a label sum  0 (mod 3)
from (1) we get
Sr(n)#\ rn+ (mod 3) (3)
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For r=n+3, n#1 (mod 9) the binomial coefficients in (2) are congruent
(mod 3), that is,
\n+13 +#\
n
3+#\
n&1
3 +#0 (mod 3).
Then Sn+3(n)#0 (mod 3) follows from (2) in contradiction to Sn+3(n)#
( n+33 )#1 (mod 3) from (3) so that r(Kn , Z3)n+3 is proved.
For r=n+3, n#4 (mod 9) the binomial coefficients in (2) yield
\n+13 +#\
n
3+#\
n&1
3 +#1 (mod 3)
so that (2) implies
Sn+3(n)#\ :
1v<wn+3
e(v, w)+
2
 2 (mod 3)
contradicting Sn+3(n)#( n+33 )#2(mod 3) from (3).
For r=n+4, n#0 (mod 9) in (2) we have
\n+24 +#\
n+1
4 +#\
n
4+#0 (mod 3),
so that Sn+4(n)#0 (mod 3) follows from (2). However, Sn+4(n)#
( n+44 )#1 (mod 3) follows from (3), and r(Kn , Z3)n+4 is proved. K
Only one infinite class of numbers r(Kn , Z3) remains open and we con-
jecture r(Kn , Z3)=n+3 also for this class n#7 (mod 9).
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